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f~--. . Abstract 

This is a sequel to the paper [3] , in which we introduced Drinfeld modular polynomials 
of higher rank, using an analytic construction. These polynomials relate the isomorphism 
■ invariants of Drinfeld Fg[r]-modules of rank r > 2 linked by isogenics of a specified type. 

I In the current paper, we give an algebraic construction of greater generality, and prove a 

(-H ' generalization of the Kronecker congruences relations, which describe what happens when 

modular polynomials associated to P-isogenies are reduced modulo a prime P. We also 
correct an error in 



1 Isomorphism invariants 

> ■ 

' Denote by ¥q the finite held of q elements. Let A = ¥q[T] and r G N. Let 51, ... , gr-i be alge- 

^ ■ braically independent over k = ¥q{T), and let B = {A0¥qr)[gi, . . . ,gr-i] = ¥qr[T,gi, . . . ,gr-i]- 

Tj- , Denote by r : x x'' the g-Probenius, and for any ring R we denote by R{t} the ring of 

^T) [ twisted polynomials in r with coefhcients in R, subject to the commutation relations ra = a'^r 

O ■ for ah a € i?. 

Let if : A ^ B{t} be the Drinfeld ^-module of rank r determined by 



^PT = T + glT^ hffr-lT'' "^ + t'" 



^ ■ We think of 99 as the monic generic Drinfeld A-module of rank r. A general reference for 

- -' Drinfeld modules is [H §4]. 

The group F*r acts on B via 

A * = A^'~^5i, i = 1,2, . . . ,r - 1, 

and we denote by C = B^i'' the ring of invariants. Then C is the ring of isomorphism 
invariants of rank r Drinfeld A-modules in the following sense. 

Proposition 1.1 For every algebraically closed field L with A C L there is a canonical 
bijection between the isomorphism classes of rank r Drinfeld A-modules with coefficients in 
L, and the L-rational points o/SpecC over Spec A;. 

Proof. The L rational points of Spec C over Spec k correspond to ^-algebra homomorphisms 
m : C L. 
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Let ip : A ^ L{t} be a Drinfeld module over the algebraically closed field L, then up to 
isomorphism we may assume that it is monic, i.e. that 

'ipT = T + aiT^ ^ Ur^iT^^^ + t"^ , Ui e L. 

We associate to ip the ^-algebra homomorphism 

: B ^ L with m^{gi) = Oj . 

Let L : C ^ B he the inclusion, then the L-rational point on SpecC 

o i : C — )• L 

is invariant under isomorphisms. 

Conversely, let m : C — )• L be an A-algebra homomorphism. Since gf € C, we can 
extend m to by defining m{gi) to be a chosen {q^ — l)th root of 'm{g'f in L. 

Each homomorphism m : B ^ L yields a Drinfeld module ijj with 

ipT = T + m{gi)T H h m{gr-i)T''~^ + r'". 

Now let ip and ip be two Drinfeld modules such that o t = o l. We have to show 

that ip and ^ are isomorphic over L. 

Suppose that ip and ip are not isomorphic, then for each A € F*r, there is a (7a ^ 
{giig2 ■ ■ ■ ifi'r-i} for which m^(A * gx) 7^ m^{gx)- We consider the function f ^ B ® L 
defined by 

A^F- "^V'*^^^) - m^(A *5fA) ■ 



We evaluate 
This yields 



m^{f) = and m^,{fi * /) = 1 for each fi € F*r . 

i=m^( n (/^*/))=("iV'°o( n (/^*/))=("^^°o( n (/^ */))=«' 

MSF*^ MGF*^ fj.&*r 

a contradiction, which proves the proposition. □ 



Remark 1.2 In this paper all Drinfeld modules have generic characteristic, however the 
above proposition still holds in arbitrary characteristic. 

Any rank r Drinfeld j4-module over an algebraically closed field L is isomorphic to a monic 
Drinfeld module given by 

ipT = T + aiT H h a,.^iT^'^^ + r^, Oj G L. 

Let J G C, and denote by J(^) G L the result of specialising {gi, g2, ■ ■ ■ , 9r-i) = 
(ai, 02, . . . , flr-i)- Then Proposition 11.11 savs that two Drinfeld modules ■0 and ^ are iso- 
morphic over an algebraically closed field if and only if J{ip) = J{ip) for every J £ C (see also 

IS!)- 
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If r = 2, then in fact C = A\j], where j = g\ is the usual j'-invariant of 99. In general, 
the ring C is a finitely generated ^-algebra, and an explicit set of generators is constructed 
in [S]. This means that one needs a finite set of invariants in order to determine whether 
or not any two Drinfeld modules are isomorphic. For a given finite set of Drinfeld modules, 
however, one can find a single invariant to distinguish between them. 

Proposition 1.3 Let S he a finite set of rank r Drinfeld A-modules. Then there exists J (z C 
such that J distinguishes S, i.e. J{fi) / Ji^2) for all (/^i / '/'2 G S. Moreover, J may be 
chosen as an A-linear combination of any given set of generators of C. 

Proof. We use induction on n := The result is clearly true for n < 2. Let n > 3, 
and suppose that the statement is true for n — 1. Pick ipi G S and let 5*1 := S* \ {fi}. By 
the induction hypothesis, there exists Ji G C which distinguishes Si. If Ji distinguishes S 
then we're done. If not, then there exists ip2 £ S such that Ji{fi) = J2i^2), and moreover 
Wi, ^2} is the only pair in S on which Ji takes the same value. 

Pick J2 £ C which distinguishes {ipi, (P2}, and consider Ja := Ji + aJ2 for all a £ A. If Ja 
distinguishes S for some a G A, then we're done. If not, then there exists a pair ?/'i,V'2 G S 
for which Ja{ipi) = Ja{'^2) for at least two distinct values of a G ^. From this, we easily 
deduce that Ji(V'i) = Jii'4'2), which forces {'4'i,ip2} = Wi,f2}, and J2{ipi) = ^2(V'2)) which 
is a contradiction. □ 



2 Isogenies and modular polynomials 

Let € ^ be monic, then ip^- applied to a variable X defines an F^-linear polynomial 
ip]\!{X) € B[X] which is monic and separable over B of degree q'^'^'^^^ . Let K = Quot(i3) = 
¥qr(T,gi, . . . ,gr-i), denote by Kn the splitting field of fNiX) over K, and let Rjy be the 
integral closure of B in /Cat. Then the set ^^IN] C Rn of roots of ipi\i(X) is an ^-module 
isomorphic to (A/NAY . 

Let Ga^K^^'P / K) be the absolute Galois group of K, which acts on (/^[A^], and since this 
action respects the A-module structure induced by ip, we obtain a Galois representation 

PN : Gal(K'^P/i^) Aut(^[A^]) ^ GLr{A/NA), 

which is shown in [2] to be surjective. 

Let / be an isogeny from ip to another Drinfeld module ip^f\ This means that 

/(^T = 4^V. (1) 

Write / = /o + /ir + • • • + far"^. Replacing / by /^V gives 

so if we replace ip^-^^ by an isomorphic Drinfeld module, we may assume that = 1, i.e. / is 
monic. In this case, there exists a monic N £ A such that 

ker/C^[A^], 

and so / € Ri\i{t}. Now comparing the coefficients of the highest powers of r in ([1]) shows 
that ipij!^'^ € Riy{T} is also monic. For any invariant J £ C we find that J{ip'^f^) € Rn- 
Denote by In the set of all monic isogenies / G Rn{t} with ker/ C ^[N], as above. 
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Definition 2.1 Let J £ C be an invariant. We call 

the full modular polynomial of level N associated to J. 
Proposition 2.2 $j,Ar(X) € C[X]. 

Proof. Ga^/C'^'P/i^) permutes the roots of $j,iv(X), so we get $j,Ar(X) e B[X]. To show 
that the coefficients actually lie in C, we show that they are invariant under the action of F*r 
on B. 

Let A G F*r, and consider the polynomial A*<I>j^iv(X) G where we have applied A to 

each coefficient of <I>j jv(X). This is the full modular polynomial corresponding to the Drinfeld 
module A^^c/^A, which is isomorphic to (p. Its roots are the J-invariants of the isogenous 
Drinfeld modules {\~^ ip\)^^\ where / ranges over all isogenics with ker/ C {\~^ ipX)[N], but 
these are isomorphic to the (/j^-^^ with / G In, and hence have the same J-invariants. Thus 
A * $j,Ar(X) = ^j^m{X) and the result follows. □ 

Definition 2.3 Let H C (p[N] = [A/NAy be an A-submodule. Any isogeny f ^ In for 
which ker / lies in the Ghr{A/NA) orbit of H is called an isogeny of type H . 
Let J & C be an invariant. Then we call 

<^j,h{x) ■•= n - Jiv^^^)) e rn[x] 

f <^ In of type H 

the modular polynomial of type H associated to J. 

Proposition 2.4 Let H C ^[N] be an A-submodule, and let J ^ C be an invariant that 
distinguishes the Drinfeld modules {ip^f^ \ f of type H}. Then ^j,h{X) G C[X] and is irre- 
ducible over K. 

Proof. By construction, ^j^h{X) G i?Ar[X], but the same argument as in the proof of 
Proposition 12.21 shows that in fact (^.j^h{X) G C[X]. 

The condition on J ensures a one-to-one correspondence between the roots of ^j^}{{X) 
and {(/j^-^) I / of type H}. From the surjectivity of the Galois representation pN, we see that 
the Gal(/s:"'=P/K)-orbits of the Drinfeld modules | / G In} correspond to Ghr{A/NA)- 

orbits of submodules of ^[N]. In particular, (^j^h[X) corresponds to one Gal(K'^'^P/K)-orbit 
of the roots of the full modular polynomial ^j^n{X), hence it is irreducible over K. 

Alternatively, one can extend the analytic construction in |3j and interpret the roots 
J{(p^^^) of ^ j^h{X) as functions on Drinfeld's period domain Q''. The action of GL,.(A) on O*" 
then induces a transitive action of Ghr{A/N A) on the roots of ^j^h{X), and irreducibility 
follows. □ 

Moreover, if J distinguishes the Drinfeld modules {ip^^'^ \ f G In}, then the modular 
polynomials of the various types H correspond precisely to the Gal(-fr***'P/i^)-orbits of the 
roots of ^j^n{X), hence the ^j^h{X) are precisely the irreducible factors of the full modular 
polynomial ^j^NiX) in C[X]. 
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Let V' be a Drinfeld module over a field L, and denote by /^(X) € L[X] the result 

of evaluating the coefficients of <I>j_//(X) at Then the roots of are precisely 

{J(V(^)) I /oftype/?}. 

When r = 2, then C = A[j] and = <I>Ar(j, X) e ^[i, X] is the usual Drinfeld 

modular polynomial constructed in [1]. 

3 Correction to [3] 

In [3j we gave an analytic construction of modular polynomials of type (A/NAY^^. These 
polynomials also classify incoming isogenics ip' ^ if with kernels isomorphic to A/NA, 
whereas the point of view of the present article is to classify modular polynomials by the 
kernels of the dual, outgoing isogenics f : ip ^ ip' , which explains the shift in terminology 
from type A/NA to type (A/NAy-'^. 

Theorem 1.1 of [3] claims that the polynomials ^j^(A/NAy~'^{^) irreducible, but this 
is only true if J G C distinguishes the set of Drinfeld modules {(p^^^ \ f of type {A/NAY~^}, 
i.e. when ^j^(A/NAy~'^{^) distinct roots. Such invariants J & C always exist, by Propo- 



4 Reduction mod P and Kronecker congruence relations 

In this section, we let X = P E j4 be a monic prime, and we study the reduction of modular 
polynomials modulo P. When we reduce polynomials in i?p[X], then we are actually reducing 
modulo a chosen prime of Rp extending P, but we will still write mod P for ease of notation. 

Define Fp := A/ PA. We start with the following unsurprising result, which says that the 
generic Drinfeld module (p has ordinary reduction at P. 

Proposition 4.1 pp = pp ■ r'^^sC^') mod P, where pp S {B CSa Fp){t} is not divisible by r. 

Proof. Denote by p : A ^ {B (g)^ ¥p){t} the reduction of p modulo P. We have p[P] = 
{A/ PAy^^ , where h is the height of p (see 14, §4.5]). The linear term of pp is P, so pp is 
divisible by r and thus h > 1. On the other hand, the field Kp generated by p>[P] over K 
has transcendence degree r over Fg. Reduction modulo P introduces only one new algebraic 
relation, so the elements of p[P] must generate a field of transcendence degree r — 1 over Fg, 
and in particular p[P] must contain r — 1 Fp-linearly independent elements. It follows that 
h = 1, which proves the proposition. □ 

Choose a set 'Wi,'W2, ■ ■ ■ ,Wr G Rp of generators of the ^-module p[P]. The elements of 
p[P] are explicitly given by 



By Proposition 14.11 we may assume that exactly one of these generators, say Wr, vanishes 
modulo P. 



sition 11.31 
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Proposition 4.2 Let w G ^[P\ he divisible by a prime of Rp above P. Consider the polyno- 
mial 

F{X) := n - e Rp[x]. 

aeFp 

Then 

1. F{X) is independent of the choice ofw. 

2. The only non-zero coefficients of F(X) belong to exponents of the form g", so we may 
write F G Rp{t}. 

3. F : (p ^ (f^^^ is an isogeny of type A/PA. 
I F = t'^''^p modP and 

ifi^^ =T + ^l^'r + • • • + ffl-ir''-' + mod P, 

where we have written \P\ := q'^'^^^ = \¥p\. 

Proof. By construction, the roots of F{X) are the \P\ elements of f[P] which vanish 
modulo P. Since this is an F^-vector space, F is Fg-linear and hence (2) holds. Then the rest 
is clear. □ 

Definition 4.3 The isogeny F G Rp{t} constructed above is called the P-Probenius isogeny. 

Let 1 < s < r. The isogenies of type {A/ PAY correspond to the s-dimensional subspaces 
of (p[P] = Fp. These in turn correspond to the s x r matrices with entries in Fp in reduced 
row-echelon form with a leading 1 in each row; the rows of such a matrix form a basis of the 
corresponding subspace. To such a matrix (rriij) we associate 

r 

Vi ■= '^'"'^j ('^i) ^ "^t^]' « = 1, ■ ■ ■ , s. 
The corresponding isogeny is given by 

s 

fm{x) = n n - ^»(^^)) ^ ^^[^]' 

i=l aGFp 

and its kernel is generated by ryi , 772 , . . . , ?7s . 

Proposition 4.4 The reduction of fm{,X) modulo P is separable if and only if rusr is not 
the leading 1 of the last row of the corresponding matrix m. 

Proof. Since ipa(wr) vanishes modulo P, we see that the reduction of fm{X) modulo P is 
divisible by X^^^ if and only if rugi = for alH = 1, 2, . . . , r — 1. The result follows. □ 

Definition 4.5 The isogeny f„i is called special if m,i,. = for all i, and we define 
^7!A/PAri^) ■■= n {X - Ji<P^f-^)) e Rp[X]. 

fm special 
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We are now ready to prove our main result. 

Theorem 4.6 (Kronecker Congruence Relations) Let P & A be a monic prime, J G C 
and 1 < s < r. Then 

'^MA/pMX) ^ <i>7,|(^/^^^,_,(X).(cI>-P^/^^),(X))''''^modP 

and mod P e (C 0a ¥p)[X] for every s = 1, . . . ,r - 1. 

Proof. We distinguish two cases for the isogenies of type (A/ PAY corresponding to the 
matrices [rriij). 

Case 1: rrisr is not the leading 1 of the last row. Then the ruir for 1 < i < s can be 

arbitrary elements of Fp. Modulo P the contribution of ipm.^{wr) vanishes, and we see that 
|P|* of these isogenies coincide modulo P with the reduction of a special isogeny. As a result, 
we have 

n - - (<J>^T^/P^).(^))'^'^ mod P 

/, case 1 

Case 2: nisr = 1 is the leading 1 of the last row. In this case, by Proposition 14.41 
the isogeny fm can be factorized as / = / • F, where F is the P-Frobenius isogeny, and 

/ is a separable isogeny of type {A/PAy^^. Hence we get (/j^^^^ = [ip^^^Y'^^ Since F = 
7-degP mod P, we find that J((/?(-^)) = JI^I((/j(-^)) mod P. All isogenies of type {A/ PAY 
which are separable modulo P occur as such /, and we find 

n - J{V>^'^)) = '^7^n,^A/PAr-dX) mod P 

f, case 2 

Combining these two cases, we obtain the first congruence in the Theorem. We obtain 
the second congruence by moving one power of |P| = q'^^^^ inside the parentheses. 

It remains to show that ^^J^p^ (^/p^)a(^) ™od P G {C'S>a^p)[X] for every s = l,...,r — 1. 
We use backwards induction on s. We start with s = r — 1. In this case, there is only one 
(r — 1) X r matrix {niij) in reduced row-echelon form satisfying mir = for all i. Consequently, 
there is only one special isogeny, and that is dual to the Frobenius isogeny F. Hence 

^MA/PAY-^(^) ^ ^ - "^od P, 

and thus <^'"?>|,(^/p^).-i(^) =X- J mod PG{C0A Fp)[X]. 
For general l<s<r — 1, we have 

^MA/PAr..{X) = <1>7p^^/p^).(X) . (<J>7-,,(^/p^)..i(^l^l))"''^ mod P 

Now $j,(^/pA).+i(X), ^j1pi,(A/pa)«+i(^'^') ^ ^ {C®A^p)[X] by the induction hypoth- 
esis, and it follows that 'I'j'iPl (A/PAy^'^^ mod P G {C 0a ^p)[X], too. (If this were not the 
case, consider the highest coefficient not in C(E)a^p, and remember that all three polynomials 
are monic). □ 
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Question 4.7 Suppose that j'^' mod P distiguishes the Drinfeld modules (f^-^^ for special 
isogenies f. Are the factors ^*^p| (^j^/pj^ysi-^) irreducible modulo P? 

5 Examples 

Example 1. s = 1: In this case $j^^yp^^o(-'^) = X — J , so 

^JXA/PA){X) ^{X- J\P\) ■ $7„^(^/p^^(Xl^l) mod P 

Example 2. s = r — 1: We liave 

^UA/PAY-^{X) ^ ^7p|,(^/p^).-2(^) • (^"'' - J^^^ ' mod P 

Example 3. r = 2: This is a combination of examples 1 and 2 above, and gives the classical 
result (see 

^JAA/PA){X) ^{X- Jl^l) ■ (Xl^l - J) mod P 
Example 4. Now suppose that r = 3, P = T and A = F2[r], see [3]. In this case, 

^_ A[Jo7, Ji2, J41, J70] 



(J07J41 — ^121 J12J7O - Jil) 

where Jij = g\g2- In [3] we computed ^jaa/ta)^{X) for J G {J07, J12, J^i, Jjo} (they are 
denoted Pj^t{X) in that paper). Reducing these modulo T, one obtains, for example, 

^J,,,iA/TAri^) - ^1,(A/TA)(^) • {^ZwTAr^^"))' T 

where 

^^Jfl (A/TA)^^^ ~ -''^'^ + ('^07'^12 + >/l2 + -^70)-^^ + {J07J4I + J12JA1J7O + JaI + Jm)^ 



+ iJo7Jl2JAl + J12J7O + J12J7O + ^^70 + -^70) 



A similar computation, carried out with the help of Herinniaina Razafinjatovo, confirms 
that 

^j,,,iA/TA)(.X) ^{X + Jf^) ■ <I>^f (^/^^)(X2) mod T, 
with ^^J^ (^A/TA) ^-^"^ ^ above. 
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